We study harmonic maps from strictly pseudoconvex CR manifolds into Riemannian manifolds of nonpositive curvature. Some CR analogues of the Corlette and Siu-Sampson formulas are obtained using tools of Spinorial Geometry (Dirac bundles and Dirac operators). As a main application, we obtain results about the curvature of strictly pseudoconvex CR manifolds. In particular, a rigidity theorem for Sasakian manifolds is proved.
Introduction.
It is now well known that harmonic maps are a powerful tool to investigate the geometry of Riemannian manifolds. In particular, the famous rigidity results on Kahler structures with strongly negative curvature (Siu [20] ) and also on the symmetric spaces (Corlette [4] , Mok-Siu-Yeung [16] ) have been obtained in this way.
The purpose of this article is to study harmonic maps in the framework of strictly pseudoconvex CR manifolds and to deduce from that, results about the geometry of such manifolds. Remember that the strictly pseudoconvex CR manifolds are abstract models of strictly pseudoconvex real hypersurfaces in complex manifolds. Standard examples are the odd-dimensional spheres and the Heisenberg groups. A strictly pseudoconvex CR manifold is endowed with a natural connection called the Tanaka-Webster connection for which the complex structure, the pseudo-Hermitian structure, and the canonical metric are parallel tensors. The basic idea of this article is to derive, for any Dirac bundle over a strictly pseudoconvex CR manifold, Bochner-Weitzenbock type identities for the Dirac operator defined from the Tanaka-Webster connection (Proposition 2.2 and Corollary 2.1). In the particular case of the Dirac bundle associated to a smooth map from a strictly pseudoconvex CR manifold into another Riemannian manifold (cf. Paragraph 3), these formulas are the CR analogues of the Corlette and Siu-Sampson formulas (Propositions 3.1 and 3.2).
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Most of our results deal with strictly pseudoconvex CR manifolds for which the Tanaka-Webster connection has pseudo-Hermitian torsion zero (cf. Definition 2.2 ), i.e., Sasakian manifolds. Actually, let M be such a manifold that we assume to be compact. In Paragraph 4, we prove (Theorem 4.1) that any harmonic map from M to a Riemannian manifold N with nonpositive sectional curvature is trivial on the Reeb field associated to the pseudoHermitian structure.
As a consequence, we obtain that (Theorem 4.3)
M admits no Riemannian metrics with nonpositive sectional curvature.
This theorem can be seen as the Ci2-analogue of the Hernandez theorem (cf. [11] ).
In Paragraph 5, we consider maps from a compact Sasakian manifold of dimension m > 3 into a Kahler manifold or a Sasakian manifold. In this case, remember that a CjR-holomorphic map in the sense of Definitions 5.3 and 5.6 after, is always a harmonic map. In Theorems 5.3 and 5.4, we prove the Ci?-holomorphicity of harmonic maps under additional assumptions.
Actually, if <f) : M -> N is a harmonic map with rank > 3 and i) if N is a Kahler manifold with strongly negative curvature, then (j) is
CR-holomorphic or CR-antiholomorphic.
ii) if N is a Sasakian manifold with strongly negative Tanaka-Webster curvature and if (/) preserves the contact forms, then (j) is a CRholomorphic isometric immersion.
These results are the Ci?-analogues of the Siu Strong rigidity Theorem.
As a consequence of Theorem 5.3, we obtain the following factorisation result (Corollary 5.1):
if M is fibrated over a compact Kahler manifold M, then, any harmonic map with rank > 3 from M into a Kahler manifold N with strongly negative curvature, factors into a unique holomorphic map from M into N.
There are many relations between harmonic maps from Kahler manifolds and holomorphic structures on vector bundles (cf. [3] , [5] , [19] , [20] ). In particular, any harmonic map from a compact Kahler manifold into a locally symmetric space of noncompact type induces a holomorphic structure on the pullback of the complexified tangent bundle of the target space. An analogue of this result for the compact Sasakian manifolds is the following (Theorem 5.1):
any harmonic map <$> from M into a locally symmetric space of noncompact type N, induces a holomorphic structure on (jfT^N and dcf) restricted to the holomorphic tangent bundle is a holomorphic (f)*T c N-valued I-form.
In Paragrah 6, we consider minimal (resp. CR-holomorphic) isometric immersions defined on a strictly pseudoconvex CR manifold M of dimension 2d + 1 (not necessarily Sasakian nor compact) into a Riemannian manifold (resp. Sasakian manifold). A last application deals with the curvature (of the Levi-Civita connection) of strictly pseudoconvex CR manifolds. It is well known that the sectional curvature of a Sasakian manifold is positive on any planes containing the Reeb field. Theorem 6.2 asserts that, on any strictly pseudoconvex CR manifold, there exists, at each point, a complex 2-plane for which the complex sectional curvature is positive.
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Strictly pseudoconvex CR manifolds and Dirac bundles.

Strictly pseudoconvex CR manifolds.
A smooth manifold M of real dimension m = 2d + 1 is said to be a CR manifold (of CR dimension d) if there exists a smooth rank d complex subbundle T^0M C T C M such that:
where T^M = r 1 » 0 M is the complex conjuguate of T^M. If M is a CR manifold, then its Levi distribution is the real subbundle H of TM defined by H = Re{T^0M 0 T^M}. There exists on iJ, a complex structure J, given by J(Z + Z) = V^iZ -Z) for with Z E T lfi M. Assume M to be orientable. Then, the real line bundle H 1 -C T*M over M admits a global nonvanishing section 9. Such a section 6 is called a pseudo-Hermitian structure. In this case, the Levi form LQ, is the Hermitian form on H c = T^M 0 T^M defined, for any Z, W G T 1 '^, by: If (M, 9) is strictly pseudoconvex, then there exists a unique nonvanishing vector field £ on M, transverse to -ff, satisfying 0(£) = 1 and d9(£,.) = 0. Now, extending J on TM by J£ = 0, we can extend LQ on TM by the same formula as above. This allows us to define a Riemannian metric #0, called the Webster metric, defined for all X, Y G TM, by:
As a consequence of the J-invariance of d0, we obtain that gg^X, JY) = ^(X,y) -0(X)0(y), and that, the 2-form u 0 defined by U9(X,Y) = go(JX^Y) coincides with the 2-form d9. Notice that the norm of wo is constant and equal to y/d. Example 2.1.
1) The odd-dimensional spheres. The odd-dimensional sphere 5 2cf+1 has a standard CR structure given by T^S 2 ** 1 = T 1 * 0^1 n CrS 2d+1 .
The pseudo-Hermitian structure is given by i*0 where i is the canonical injection S 2^1 C C d+l and where 9 is the 1-form on C* 4 " 1 given by o = ^(B-e)\z\ 2 .
2) The Heisenberg group and its quotients. On a strictly pseudoconvex CR manifold, there exists a canonical connection preserving together the complex structure of the Levi distribution, the pseudo-Hermitian structure and the Webster metric. Actually Note that, unlike the Levi-Civita connection, the torsion of the TanakaWebster connection is always non zero.
The pseudo-Hermitian torsion, denoted r, is the TM-valued 1-form defined by T(X) = T(£,X). Note that r is ^-symmetric and trace-free. The Bianchi identities are the following (cf. [21] , [10] , [17] ):
The Ricci endomorphism Ric is defined by:
where {e*} is a ^-orthonormal basis.
Note that Ric($) = Jr with Jr = -^(Ve i r)(e i ). Unlike the Kahler i case, R and i?zc are not in general J-invariant. Nevertheless, we have the identities:
Dirac bundles and Dirac operators over strictly pseudoconvex CR manifolds.
In this paragraph, all the canonical connections will be denoted by V.
Let M be a strictly pseudoconvex CR manifold and TM, its tangent bundle. Endowed with the Webster metric and the Tanaka-Webster connection, the bundle TM is an oriented Riemannian vector bundle with a Riemannian connection. Since TM is an oriented vector bundle, then the Clifford bundle Cl(M) is well defined (Definition 3.4 Chapter II of [14] ). The Webster metric and the Tanaka-Webster connection extend from TM to Cl{M) in such a way that the induced connection on Cl(M) be a Riemannian connection acting as a derivation on Cl(M). Now, let S be a vector bundle over M of left modules over C7(M), endowed with a Riemannian metric and a Riemannian connection. In addition, we assume that the unit vectors in TM act isometrically on S and that the connection on 5 is a module derivative. Then, under the previous assumptions, S is called a Dirac bundle (cf. [14] for more details). Let S be such a bundle over M, then the canonical Dirac operator V acting on T(S) is given by: i where {e;} is a local orthonormal tangent frame.
In this context, we define two other differential operators on T(S) (which will play an important role later on). The first, associated with J and denoted by T>j is defined by:
The second, associated with r and denoted by V T is: The operator Vj (resp. V T ) will be called the J-twisted Dirac operator (resp. the r-twisted Dirac operator). In the following, we denote by A. the endomorphism of V{S) given by left module multiplication by a form or a vector field and by [, ] (resp. { , }) the commutator (resp. anticommutator).
Lemma 2.1. The operators V, Vj and V T satisfy the following identities:
Proof. Since £ is parallel for the Tanaka 
Proposition 2.2 (Weitzenbock formulas). The operators V 2 and Vj satisfy the relations:
tyftere T^if, 71^ and TZ^ are the endomorphisms given respectively by:
Proof. In a local orthonormal tangent frame, we have: Since VJ = 0, (6) becomes:
Using, on the one hand, the identities 9 o J = 0 and ue o J = UJQ, and, on the other hand, This concludes the proof of the second identity. □
In the following, a local orthonormal tangent frame {ei,..., e^, Jei,..., Jtdi £}> where {ei,... e^, Jei,... Je^} is a local orthonormal frame of i?, will be called an adapted frame. 
Corollary 2.1. The following identities hold:
The last equality in (8) follows from the Weitzenbock formula for V 2 . □ Under the assumption that M is compact, the operators £> and Vj have the following property:
Proposition 2.1. The operators V and Vj are formally self-adjoint for the natural inner product on T(S) given by:
where Vg e is the canonical volume element (i.e., Vg 0 = 0 A (d6) ).
Before the proof of this proposition, remember (cf. [23] ) that for any E-valued p-form a, the covariant derivative and the exterior derivative of a are given by:
(da)(X l ,...,X p^) = Y^(-iy + \V Xi a)(X 1^. .,X u ... 1 X p+1 )
where Xi means that the term Xi is omitted and where QT is the operator The divergence of a is defined by: , A^], the result for Vj is deduced from the previous one. D
Corlette and Siu-Sampson type formulas.
In this section, we use the previous identities to obtain Corlette and SiuSampson type formulas for maps from strictly pseudoconvex CR manifolds into Riemannian manifolds.
Let (M, 9, £, J, go) be a strictly pseudoconvex CR manifold of dimension m -2d+1 > 3, endowed with its Tanaka-Webster connection V and (iV,^ ) be a n-dimensional Riemannian manifold endowed with a metric connection V' on TN with torsion f'.
Let 0 : M -» N be a differentiable map and c^TN the pull-back bundle endowed with the metric and the connection induced by those of TJV. Hence,
Now, for any X, Y € TM, we have:
Formula (9) yields:
Hence (<?'d4>)(x t Y) = v^^^^-Vy'^^W-^itx.y]) = -^f (x.r).
Since T = -we ® £ + 9 A r, we deduce that
The first formula holds. Now, Vjdcj) coincides with
Using (13) and the fact that J is parallel, we obtain 
Hence the second formula. □ Prom now, we assume that the curvature of the metric connection on N satisfies the first Bianchi identity. This allows to consider the notions of curvature tensor and curvature operator. In the following, we denote respectively by R and p the curvature tensor and the curvature operator of N. The natural extensions of p and ( , ) to AT^iV (where T^N is the complexification of TyN) will be respectively denoted by p c and ( , ). 
The proof of these propositions needs some lemmas. 
= -S^-2Y^((VeM(0Ad<t>°T)(e i )) + mRic(Z)),d<i>(0)-i
Using (13) and the assumption i^fflf') = 0, we have
By substituting it in (20), we obtain the required expression. □ 
22) (^d^, #) = -2((J>*PC)H + (d-l)(d4>oJo r, #).
Proof. We have: i i
Using (17), we obtain
<^#,#> = \ J 52((m,e i )d<l>)(e i ),d<l>(0) -((R&eiWmMiei))).
i
Now, we have (R(X,Y)d(f))(Z) = ^T N {X,Y)d(j>{Z)-d(t){R{X,Y)Z) (23) = R , (d(l>(X) ) d(j)(Y))d(l)(Z)-d(l)(R(X,Y)Z).
We deduce from (23) 
+(d</»(i?(e,e i )0,#(e i ))) i
Hence the first formula. Now, always using (17) we have:
Using (23) together with the Bianchi identity for i?', the previous expression becomes (cf. [9] ): 
The first five curvature terms of (24) are -2 J^ (pcivfj)^vfj)• Finally, using
(1), we obtain:
\^2({d4>(Ri^) + JRic(Jei)),d(f)(ei))
i<d
+(d<t)(Ric(Jei)-JRic(ei)),d<f)(Je i ))} = (d-l)(#o Jor,#),
this concludes the proof. C Proo/ of Proposition 3.1. Using (7), we have: Using (28) and (12) with (4>*f') H = 0, the left-hand side of (27) becomes:
Noting that for any 1-form a, \a\ 2 -\Ja\ 2 + |a:(£)| 2 , we obtain the required expression. Using (22), we obtain the right-hand side of (27) and consequently the formula. Q Remark 3.1. Note that if V is the Levi-Civita connection, then T = 0, and therefore Formulas (14) , (15) 
Harmonic maps and the geometry of Sasakian manifolds.
Let (/) : (M,g) -> (N,g
) be a differential map between Riemannian manifolds. Then, the Hessian of (p is defined by:
where D* (resp. D) is the Levi-Civita connection on TN (resp. TM). The map 4> is called harmonic if r(^) = traceg(Dd(/))(. , .) = 0. 
Proof. Let (j)
: M -t N be a harmonic map. Then, under the assumptions T = 0 and r = 0, we deduce from (11) that Vdcj) = -oJo®d(j)(£). Moreover, Equation (14) gives:
Since the sectional curvature of N is nonpositive, ((l)*R )c is nonpositive. Hence, we deduce from the previous equation that V^dcf) = 0. It follows from (13) Since 00$ is parallel, we deduce using (30) that Z> 2 <i</> = 0. Now, integrating, we obtain
Suppose that M is a Sasakian manifold which is the total space of Riemannian submersion with minimal fibers over a Kahler manifold. Then, we have 
(Vxdir)(Y) = D*x™dK{Y) -d^VxY).
Since TT is a harmonic Riemannian submersion, we deduce the harmonicity of 4> by taking the trace in the above formula. □
Application to geometry of Sasakian manifolds.
The sectional curvature of a Sasakian manifold is always positive when restricted to planes containing £ (cf. [2] ), and consequently, the sectional curvature cannot be nonpositive. This fact arises from a more general result: As a consequence of this theorem, we recover the fact that the Heisenberg nilmanifold does not admit any flat metric.
Remark 4.1. The previous results deal with Sasakian manifolds. The assumption Sasakian is a technical assumption which allows to obtain a vanishing theorem (Theorem 4.1). For the moment, we don't know if these results can be extended to strictly pseudoconvex CR manifolds with pseudoHermitian torsion non zero even if we do some assumptions on pseudoHermitian torsion.
Harmonic maps and Ci?-holomorphic maps.
Definition 5.1. Let (N,g ) be a m-dimensional Riemannian manifold endowed with its Levi-Civita connection. Remember that the complex sectional curvature of a 2-plane P = C{Z, W} C T y c M, is defined by:
The sign of the complex sectional curvature always determines the sign of the sectional curvature (cf. [9] ). The converse is only true in dimension 3. Note that the assumption of nonpositive (resp. nonnegative) complex sectional curvature is satisfied if the curvature operator is nonpositive (resp. nonnegative). In particular, locally symmetric spaces of noncompact type (resp. compact type) are examples of Riemannian manifolds with nonpositive (resp. nonnegative) complex sectional curvature. If (N,g ) is a locally symmetric spaces of noncompact type, the curvature operator of the LeviCivita connection is given by p {Z A W) = -[Z, W]. Definition 5.2. Let E be a complex vector bundle over a strictly pseudoconvex CR manifold M. A holomorphic structure on E is a linear map 
d(j)o J = -J o dcjx).
Note that a Ci2-holomorphic (resp. Ci?-antiholomorphic) map is always a harmonic map (cf. [13] ).
Suppose that M is a Sasakian manifold which is the total space of a Ci?-holomorphic Riemannian submersion over a Kahler manifold. Then, we have As examples of such Sasakian manifolds, we can quote the compact regular Sasakian manifolds. Such a manifold can be realised as the total space of a fibration over a compact Kahler manifold (the Boothby-Wang fibration).
Proof of Theorem 5.2.
Since any CitJ-holomorphic Riemannian submersion is a Riemannian submersion with minimal fibers and satisfies ^(f) = 0, we deduce from Theorem 4.2 that for any harmonic map Prom d^ Jd(/) = 0, we deduce that
Using (13), we obtain This theorem is an analogue of the Siu theorem (cf. Siu [20] ).
Proof of Theorem 5.3 . Since N has a strongly negative curvature, the complex sectional curvature is nonpositive. Hence {(j)*R )£ and (</>*Pc)iy are nonpositive. As in Theorem 5.1, we obtain that if 0 is harmonic, d</>(£) = 0 and (^*PC)H = 0-Now, the end of the proof follows from the proof of Theorem 4.1 of [9] . □ A rigidity result for harmonic maps between Sasakian manifolds.
In this section, we assume that (M, #,£, J^go) and (iV, 0 ,£ ,J ,<?■ ,) are Sasakian manifolds endowed with their Tanaka Note that a Ci?-holomorphic map is always a CiJ-map, but the converse is, in general, not true. A Ci?-holomorphic map is a harmonic map (cf. [12] ). Conversely (14) and (15) 
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Since AT has a strongly negative curvature, the Tanaka-Webster sectional curvature is nonpositive, hence (^*iZ )c is nonpositive. Using (33), we deduce the following inequality:
JM JM
Substituting it in (34), we obtain
Since N has a strongly negative curvature and d > 2, the previous inequality yields dcj)^) = £ and (</>*Pc)# ~ 0. The assumptions on the curvature and on the rank of (p imply using a similar proof as in Theorem 4.1 of [9] that
Hence, (f> is Cit!-holomorphic and, by Theorem 2.1 of [12] , is an isometric immersion. □
Minimal isometric immersions and pseudo-Hermitian immersions.
The following formulas for isometric immersions are the local analogues of (14) and (15 
Proof. For any map <f >: M ->■ TV and any X, Y, Z G TM, we have
If (f) is an isometric immersion, we have 0*</ = gg-Hence, V^g = 0 and ((Vxd<t>)(Z),d<t>(Y)) = -((Vx#)(^),#(Z))-Using both (17) and the previous equality, we obtain
Now, using (29), we have 
□
Remember that a harmonic isometric immersion is said to be a minimal isometric immersion. The following Theorem holds On the other hand, using (37), we have Proof. Since the identity map 7 is a minimal isometric immersion, we obtain using (36): 
{(VxdmUcf>(r(Y))) = ^(X,r(y)) -g e (r(X),T(Y)).
(Vj X I)(Y) = ~0(Y)X + \ge(X, Y)Z -^(r(X), Y)£ + 9(Y)(J o T)(X).
Hence, for any X, Y G JT,
(d%JI)(X,Y) = (d D JI)(X,Y) = (yj X I){Y) -(Vj Y I)(X) = 0.
We deduce that:
The theorem is directly deduced from this last equation. □ Remark 6.1. Applying (35) to the identity map, we recover the relation between the Ricci curvature and the pseudo-Hermitian torsion obtained by Rumin ([17] ).
A nonexistence result for pseudo-Hermitian immersions.
In this subsection N is a Sasakian manifold endowed with its Tanaka Hence r = 0, contradicting the assumption on M. □
